P a r t l c u l a r emphasis i s placed on h i g h c o n t a c t r a t i o gearing ( c o n t a c t r a t i o s g r e a t e r than two). Despite t h e i r h i g h e r s l i d i n g v e l o c l t i e s h i g h c o n t a c t r a t i o gears can be designed t o l e v e l s o f e f f i c i e n c y comparable t o those o f conventional gears w h i l e r e t a i n i n g t h e i r advantages through
( c o n t a c t r a t i o s g r e a t e r than two). Despite t h e i r h i g h e r s l i d i n g v e l o c l t i e s h i g h c o n t a c t r a t i o gears can be designed t o l e v e l s o f e f f i c i e n c y comparable t o those o f conventional gears w h i l e r e t a i n i n g t h e i r advantages through proper

t i c a l e v a l u a t i o n o f spur gears designs f o r e f f i c i e n c y has been r u d imentary i n t h e p a s t due t o t h e lack o f a technique t h a t could assess t h e many
design v a r i a b l e s (1, 2) . I n (3,4) a technique was described t h a t i n c l u d e d t h e major design v a r l a b l e s r e q u i r e d for standard i n v o l u t e spur gears.
however, gears a r e f r e q u e n t l
y deslgned w i t h nonstandard p r o p o r t i o n s . These v a r i a t i o n s I n c l u d e m o d i f i e d addendums, t o o t h thickness v a r i a t i o n s and o p e r a t i o n I n p r a c t i c e , on nonstandard gear centers e l t h e r by design o r as a f u n c t i o n o f o p e r a t i n g c o n d i t i o n s . The a n a l y s i s described i n R e f s . 3 and 4 i s r e a d i l y adaptable f o r these m o d i f i c a t i o n s and as such i s t h e s u b j e c t o f t h i s work.
A
r e l a t e d s u b j e c t i s t h e analysis o f h i g h c o n t a c t r a t i o (HCR) gears sinc
they a r e a c t u a l l y one f o r m o f nonstandard spur gears.
ceived much a t t e n t i o n f o r use i n a i r c r a f t a p p l i c a t i o n due t o t h e i r increased l o a d c a p a c i t y and smoother operatlng c h a r a c t e r i s t i c s (5-8).
A major concern
These gears have r ei s whether o r n o t they can be deslgned t o p r o v i d e e q u i v a l e n t e f f i c i e n c y w h i l e t a k i n g advantage o f these b e n e f i t s . This question can now be d e a l t w i t h a n a l y t i c a l l y w i t h t h e extension of t h e standard gear power l o s s a n a l y s i s t o nonstandard gears.
GEAR POWER LOSS ANALYSIS
The method u t i l i z e d here f o r c a l c u l a t i o n of e f f i c i e n c y was described i n d e t a i l i n Refs. 3 and 4 as a p p l i e d t o spur gears of standard p r o p o r t i o n s . I t I s a p p l i c a b l e t o spur gears which a r e j e t o r splash l u b r i c a t e d .
es o f gears running submerged i n o i l a r e n o t considered. The a n a l y s i s cons i d e r s s l i d i n g losses, which a r e the r e s u l t o f f r i c t i o n f o r c e s developed as the t e e t h s l i d e across each other, r o l l i n g losses r e s u l t i n g from t h e f o r m a t i o n o f an elastohydrodynamic (EHD) f l l m and windage l o s s e s of b o t h gears spinning i n an o i l y atmosphere.
Churning l o s s -
The s l i d i n g and r o l l i n g losses w e r e c a l c u l a t e d by n u m e r i c a l l y i n t e g r a t i n g t h e instantaneous values o f these losses across t h e path o f contact. The f r i ct i o n c o e f f i c i e n t used t o c a l c u l a t e s l i d i n g l o s s was based on d i s k machine data generated by Benedict and K e l l y ( 9 ) . This f r i c t i o n c o e f f i c i e n t expression i s considered t o be a p p l i c a b l e i n t h e EHD l u b r i c a t i o n regime where some a s p e r i t y c o n t a c t occurs, t h a t i s , f o r A r a t i o s l e s s than two ( A = r a t i o o f minimum EHD f i l m thickness t o composite surface roughness).
based on d i s k machine data generated by Crook ( 1 0 ) . r o l l i n g l o s s was simply a constant value m u l t i p l i e d by t h e EHD c e n t r a l f i l m thickness. Gear t o o t h f i l m thickness was c a l c u l a t e d by t h e method o f Hamrock (11) and adjusted f o r thermal e f f e c t s u s i n g Cheng's thermal r e d u c t i o n f a c t o r I n Ref. 3 r o l l i n g losses were
Crook found t h a t t h e ( 1 2 ) . A t high p i t c h l i n e v e l o c i t i e s isothermal equations such as Hamrock's w i l l p r e d l c t abnormally h i g h f l l m thickness since shear h e a t i n g i s n o t considered. Cheng's thermal r e d u c t i o n f a c t o r w i l l account f o r t h e i n l e t shear h e a t i n g and reduce t h e f i l m thickness a c c o r d i n g l y .
a r e n o t considered.
I n l e t s t a r v a t i o n e f f e c t s Gear Power Loss Equations
The equations developed i n Ref. F l g u r e l ( a ) shows t h e t o o t h load d i s t r i b u t i o n u t i l i z e d i n t h i s a n a l y s i s f o r gears w i t h contact r a t i o s between one and t w o . The t e e t h a r e assumed t o be p e r f e c t l y r i g i d and p e r f e c t l y machined thus c r e a t i n g abrupt changes i n t o o t h l o a d as one o r two t e e t h come i n t o c o n t a c t . The e f f e c t o f c o n t a c t r a t i o can be seen i n t h i s f i g u r e as t h e p r o p o r t l o n o f t i m e t h a t t h e load i s shared by two t e e t h r e l a t i v e t o t h a t f o r one.
i s h b u t t h e r e a r e power l o s s c o n t r i b u t i o n s from mesh one and t h r e e t h a t must be considered as w e l l . F i g u r e l ( b ) shows t h e analogous load d i s t r i b u t i o n f o r c o n t a c t r a t i o s between two and three where e i t h e r two o r t h r e e t e e t h share t h e load. Here t h e t o o t h loads a r e lower due t o t h e g r e a t e r number o f t e e t h shari n g t h e load b u t now t h e r e a r e f i v e mesh contacts c o n t r i b u t i n g t o t h e gearset power l o s s over one t o o t h mesh cycle.
Mesh t w o i s belng analyzed from s t a r t t o f i n -
The s u b j e c t o f a c t u a l t o o t h loading versus t h e assumed r l g i d p r o f i l e i s discussed i n a l a t e r section. Contact r a t i o s g r e a t e r than t h r e e a r e n o t considered. Extension o f t h e previous a n a l y s i s t o HCR gears was mainly a m a t t e r o f being a b l e t o s p e c i f y t h e a d d i t i o n a l changes i n load as shown i n where AR = addendum r a t i o = ( a ) ( P ) when ER = 0
t i o n s m a i n t a i n i n g p i t c h c i r c l e t o o t h thickness (modified c u t t e r addendum); 2) addendum m o d i f i c a t i o n s accompanied by changes i n p i t c h c i r c l e t o o t h thickness ( t o o l s h i f t ) ; and 3) operat i o n o f gears on nonstandard center distances. M o d i f i c a t i o n s t o t h e dedendum or clearance do n o t a f f e c t e f f i c i e n c y as c a l c u l a t e d above. A standard c l e a rance o f 0.35/P was maintained throughout t h i s I n v e s t i g a t i o n unless noted.
Dedendum m o d i f i c a t i o n s may a f f e c t e f f i c i e n c y by a l t e r i n g the t o o t h load d I st r i b u t i o n but since a r i g i d t o o t h load p a t t e r n i s assumed i n i t i a
ER = t o o l s h i f t r a t i o = ( e ) ( P ) e = a c t u a l t o o l s h i f t
An addendum modified by a change i n AR does n o t change t h e t o o t h thickness and i s accomplished by using a c u t t e r w l t h a g r e a t e r whole depth than standard.
The gear blank o u t s i d e diameter must be enlarged t o a l l o w f o r t h e extended addendum. Addendum can be increased by t h i s method u n t i l t h e t i p of t h e t o o t h
becomes p o i n t e d (see F i g . 2 ( a ) ) o r u n t i l t h e mating gear can no longer be f a b r i c a t e d due t o c u t t e r thickness. r e q u i r e a change i n mounting distance.
M o d i f i c a t i o n s t o t h e addendum by AR do n o t The second method commonly used t o increase o r reduce t h e addendum i s c u t t e r t o o l s h i f t where t h e c u t t e r i s h e l d out t o increase t h e addendum o r h e l d i n t o reduce t h e addendum. A t o o t h t h a t i s h e l d o u t i s t h i c k e r a t t h e nominal p i t c h diameter (see F i g . 2(b)) r e s u l t i n g i n a stronger t o o t h . I f t h e p i n i o n i s h e l d o u t by t h e same amount t h a t t h e gear i s h e l d i n , then t h e gears a r e r e f e r r e d t o as long and s h o r t addendum gears. These gears w i 1 operate on t h e standard center d i s t a n c e b u t t h e operating p i t c h diameter w i l undercut i n p i n i o n s w i t h small numbers o f t e e t h . p i n i o n i s h e l d o u t so t h a t t h e p i n i o n bending s t r e n g t h can be more c l o s e l y matched t o t h a t o f t h e gear. s h i f t by the
Frequently, however, o n l y the
I n t h i s s i t u a t i o n t h e mounting d i s t a n c e must be increased t o a l l o w f o r t h e d i f f e r e n c e i n t o o t h thickness o f t h e p i n i o n . The gear geometry equations were a l s o m o d i f i e d t o account f o r o p e r a t i o n a t
The p r e v i o u s l y developed nonstandard c e n t e r distances f o l l o w i n g K h i r a l l a (13). e f f i c i e n c y equations o f Ref. 3 can s t i l l be used i f t h e o p e r a t i n g pressure angle and t h e o p e r a t i n g p i t c h diameter a r e used i n p l a c e o f t h e nominal values.
The e f f e c t o f i n c r e a s i n g t h e center d i s t a n c e f r o m standard i s t o increase both t h e pressure angle and t h e p i t c h dlameter. This r e s u l t s i n increased backlash and lower c o n t a c t r a t i o . Tool s h i f t can be used t o remove t h e backlash b u t t h e changes i n pressure angle and p i t c h diameter remain.
The m o d i f i e d gear geometry equations were used t o c a l c u l a t e t h e i n s t a n t aneous r o l l i n g and s l i d i n g power l o s s a t each p o i n t along t h e path o f c o n t a c t .
The r e s u l t s presented i n t h e f o l l o w i n g sections represent an average power l o s s obtained from a numerical i n t e g r a t i o n o f Eqs. 6 and 7.
The power l o s s of HCR gears i s c a l c u l a t e d by Eq. 7. This equation represents a computer subroutine independent o f t h a t used by Eq. 6 f o r low c o n t a c t r a t i o gears. As w i l l be shown l a t e r t h e two subroutines produce cont i n u o u s r e s u l t s passing from low t o h i g h c o n t a c t r a t i o s .
POWER LOSS OF NONSTANDARD GEARS I n Refs. 4, 14 and 1 5 t h e e f f e c t s o f many gear geometry and o p e r a t i n g v a r i a b l e s on e f f i c i e n c y were i n v e s t i g a t e d . The purpose here i s t o determine t h e r e l a t i v e importance o f t h e a d d i t i o n a l parameters considered above on gear power l o s s . To demonstrate these e f f e c t s a low contact r a t i o gearset operat i n g under a f u l l y loaded c o n d i t i o n ( K -f a c t o r = 991) was selected. Using t h i s gearset as a baseline, changes were made i n addendum r a t i o , pressure angle, I t ' s geometry appears i n Table I . This gearset geometry was chosen since i t had t h e highest e f f i c i e n c y o f t h e s i x Staph analyzed. Addendum r a t i o -The e f f e c t s o f changing addendum r a t i o on power l o s s and c o n t a c t r a t i o a r e shown i n F i g . 3. Thls i s one o f two methods t h a t a r e very e f f e c t i v e i n o b t a i n i n g HCR gears. The HCR gear i s n o t an unusual gear i n t h a t t h e addendum r a t i o need o n l y be increased t o 1.2 from t h e standard value o f 1. 
This i s t h e reason f o r t h e steady increase i n power l o s s as
Higher surface temperatures a r e a l s o p r e d i c t e d Pressure angle -Another e f f e c t i v e method o f o b t a l n i n g h i g h c o n t a c t r a t i o i s a decrease t h e pressure angle. For t h e b a s e l i n e gear L, t h e pressure angle a t a c o n t a c t r a t i o o f two i s approximately 19". The l e n g t h o f t h e path o f c o n t a c t increases more r a p i d l y than t h e base p i t c h as t h e pressure angle i s decreased r e s u l t i n g i n a higher contact r a t i o . Again t h e s l i d i n g v e l o c i t y increases w i t h increases i n contact r a t i o r e s u l t i n g i n h i g h e r power l o
i n g t h e gear centers w h i l e a l l o w i n g t h e backlash t o increase and the other shows t h e e f f e c t o f t a k i n g up t h e backlash by i n c r e a s i n g t o o t h thickness w i t h t o o l s h i f t . The t o o l s h i f t r e q u i r e d t o remove t h e backlash i s very small (ER
By operating a standard gear a t extended centers, t h e contact r a t i o decreases due t o a shortening o f t h e l e n g t h o f t h e p a t h o f contact and as a r e s u l t power l o s s decreases.
Tool s h i f t -The e f f e c t o f operating a p i n i o n f a b r i c a t e d w i t h a l a r g e t o o l s h i f t w i t h a standard gear I s shown i n Fig. 8. I n t h i s case even though t h e contact r a t i o decreases t h e r e s a s u b s t a n t i a l increase i n power l o s s , c o n t r a r y t o the trends found above The higher losses a r e caused by s h i f t i n g t h e standard load p a t t e r n from i t s symmetric p o s i t i o n around t h e p i t c h p o i n t as shown i n Fig. 9(a) t o a l o c a t i o n t h a t i s skewed toward t h e recess s i d e o f t h e path o f contact as shown i n Fig. 9(b) (gear geometry based on gear L ) .
This r e s u l t s i n a d d i t i o n a l power loss due t o t h e occurence o f higher loads a t p o i n t s o f higher s l i d i n g v e l o c i t y . a p p l y i n g p o s i t i v e t o o l s h i f t t o t h e p i n i o n and an equal amount o f negative t o o l s h i f t t o t h e gear ( l o n g and s h o r t addendum gears).
One curve shows t h e e f f e c t s o f simply extendAlso shown i n Fig. 8 
a r e t h e r e s u l t s o f The r e s u l t s are the same f o r t h e same reasons. Use o f t o o l s h i f t as described above r e s u l t s i n what 4s
commonly r e f e r r e d t o as recess a c t i o n (RA) gears. RA gears a r e g e n e r a l l y considered t o be more e f f i c i e n t than standard gears (13, (17) (18) (19) 
, c o n t r a r y t o what was found here. This 1s o f t e n a t t r i b u t e d ' t o t h e s l i d i n g f o r c e vector a s s i s t i n g r o t a t i o n d u r i n g t h e recess phase. Tooth l o a d i n g i s p r e d i c t e d t o be h i g h e r i n t h e approach phase than I n recess due t o t h e r e v e r s a l o f t h e d i r e ct i o n of t h e f r i c t i o n a l s l i d i n g force when moving through t h e p i t c h p o i n t . f o r c e balance o f t h e t e e t h i n mesh such as t h a t done by M a r t i n (18) shows how
A t h e s l i d i n g f o r c e adds t o t h e normal l o a d i n approach and s u b t r a c t s i n recess.
Consideration o f t h i s s l l d i n g f o r c e s l i g h t l y increase t h e losses d u r i n g t h e approach phase and reduce them during t h e recess phase b u t o v e r a l l t h e reduct i o n i n losses extremely small. taneous losses f o r gear L modified f o r a l l recess a c t i o n a r e c a l c u l a t e d t w o
This can be seen i n F i g . 10 where t h e i n s t a nways 1) method u s i n g Eqs. 1-7 and 2) method described i n (18) 
t h a t considers t h e r e v e r s a l o f t h e s l i d i n g f o r c e . The r e d u c t i o n i n l o s s due t o t h e r e v e r s a l o f t h e s l i d i n g f o r c e i s t o o small t o o f f s e t the d e t r i m e n t a l e f f e c t o f load s h i f t p r e v i o u s l y discussed. Diameter and r a t i o -I n F i g . 11 and 1 2 the e f f e c t s o f gear diameter and
Neither v a r i a b l e appreciably a f f e c t s c o n t a c t r a t i o on power l o s s a r e shown. r a t i o .
Above 16 cm, f o r t h i s a p p l i c a t i o n , power l o s s begins t o r i s e again due t o
Power loss can be decreased by u s i n g a l a r g e r diameter gear t o a p o i n t . 
Contact r a t i o -I n Fig. 13 the e f f e c t o f c o n t a c t r a t i o on power l o s s i s
A smooth t r a n s i t i o n i n power loss shown u t i l i z i n g t h e data discussed above.
i s apparent as t h e c o n t a c t r a t i o passes through two i n d i c a t i n g convergence o f
t h e s o l u t i o n s from Eqs. 6 and 7. High contact r a t i o s were mainly obtained by addendum e l o n g a t i o n through an increase i n AR and by decreasing t h e pressure
angle. Other parameters had l i t t l e a f f e c t on contact r a t i o . I t i s apparent t h a t power l o s s increases i n going from l o w t o h i g h c o n t a c t r a t i o . several o t h e r parameters can sharply increase losses w i t h o u t changing c o n t a c t r a t i o such as d i a m e t r a l p i t c h , diameter and r a t i o . I t cannot be s a i d I n
general t h a t i n c r e a s i n g contact r a t i o r e s u l t s i n h i g h e r losses b u t r a t h e r t h e changes i n power l o s s i s dependent on t h e method o f changing c o n t a c t r a t i o . The gear geometries a r e shown i n Table I. The method described here was used t o c a l c u l a t e the power l o s s o f these gears as f u n c t i o n o f torque a t t h e speed Staph selected, 3000 rpm (16). a r b i t r a r i l y . The r e s u l t s a r e shown i n F i g . 14.
HIGH CONTACT R A T I O GEARS
Gear L was found t o be t h e most e f f i c i e n t low c o n t a c t r a t i o gearset and was thus selected as t h e b a s e l i n e gearset I n t h i s i n v e s t l g a t i o n as s t a t e d e a r l i e r . O f t h e two low c o n t a c t r a t i o gears, t h e coarser p i t c h e d gear F had t h e lower bending s t r e s s (see t a b l e I).
Gear L, although s i g n i f i c a n t l y more e f f i c i e n t , had an unacceptable bending s t r e s s o f 0.57 GPa (83 000 p s i ) due t o t h e small f i n e p i t c h e d t e e t h . HCR gears, gears H, G and M had acceptable s t r e s s l e v e l s . t i a l l y gear L w i t h a s l i g h t l y longer addendum. i s g r e a t e r than two t h e normal loads a r e decreased and thus t h e bending and compressive stresses were lower than gear L b u t s t i l l q u i t e high. n e i t h e r of these gears have s t r e s s l e v e l s t h a t would p e r m i t o p e r a t i o n a t these torque l e v e l s f o r any l e n g t h of time. Of t h e remaining HCR gears, gears G and H had power l o s s o n l y s l l g h t l y g r e a t e r than gear F. l o s s comparable t o gear F a t f u l l load b u t much g r e a t e r l o s s a t p a r t load due A l l were sized f o r t h e same a p p l i c a t i o n .
An o i l v i s c o s i t y o f 30 cp. was selected O f t h e Gear K i s essenSince t h e c o n t a c t r a t i o o f K
As shown i n However, Gear M had a power t o i t s r e l a t i v e l y l a r g e diameter. This r a n k i n g o f t h e gear losses i s cons i s t e n t w i t h what Staph found i n Ref. 16 even though t h e magnitudes a r e n o t the same. Since Staph d i d n o t consider r o l l i n g o r windage losses h i s l o s s estimate f o r gear M was much lower than shown here. The r o l l i n g and windage losses a r e q u i t e s i g n i f i c a n t f o r gear M as shown i n F i g . 14 r e s u l t i n g i n h i g h t a r e losses (losses independent o f torque). When these losses a r e included, t h e advantage of u s i n g t h e l a r g e r diameter gear i s diminished f o r a p p l i c a t i o n s t h a t r e q u i r e e x t e n s i v e o p e r a t i o n a t l e s s than f u l l load.
From t h i s a n a l y s i s I t appears t h a t t h e HCR gear H would be, o v e r a l l , t h e best design o f t h e s i x analyzed by Staph. I t s s t r e s s l e v e l s a r e about 12 perc e n t lower than gear F, t h e best l o w c o n t a c t r a t i o gearset, w h i l e i t s p r e d i c t e d losses a r e about 15 percent higher. This suggests t h a t i f c a r e f u l l y designed,
HCR gears can p r o v i d e lower operating stresses than t h a t o f a corresponding low c o n t a c t r a t i o gear w h i l e n o t g r e a t l y s a c r i f i c i n g e f f i c i e n c y .
I n Ref. 7 a s i m i l a r study was performed on candidate designs f o r h e l i c o pt e r main transmission gears t o determine t h e i r s u i t a b i l i t y f o r a i r c r a f t use.
The spur gear designs selected f o r t e s t i n g a r e shown i n Table 11 ( h e l i c a l gears were a l s o i n v e s t i g a t e d ) . a t K -f a c t o r s t o 1200 and a p i t c h l i n e v e l o c i t y o f 15.2 m/sec (3000 fpm, 1910 rpm) as shown i n Fig. 15 . The gearset w i t h the best e f f i c i e n c y was the f i n e p i t c h e d gear 30 w i t h an extended addendum and w i t h a r a t h e r low pressure angle o f 17'.
This HCR gear had a weaker t o o t h form than t h a t o f t h e standard gear and lower p r e d i c t e d losses, mainly due t o i t s f i n e r p i t c h (see C a l c u l a t i o n s based on t h i s load p a t t e r n showed a s i g n i f i c a n t d i f f e r e n c e i n power l o s s slnce t h e loads a r e very low a t the p o i n t
s o f h i g h s l i d i n g . This i s because the t o o t h load p a t t e r n i s concentrated near t h e p i t c h p o i n t o f t h e d e f l e c t e d t o o t h where t h e s l i d i n g v e l o c i t i e s , hence, power losses a r e lower.
This can be seen i n F i g . 
0.
a C a l c u l a t e d by Staph I n [16] . 
